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Abstract
Supergravities in four and higher dimensions are reviewed. We dis-
cuss the action and its local symmetries of N = 1 supergravity in four
dimensions, possible types of spinors in various dimensions, field contents
of supergravity multiplets, non-compact bosonic symmetries, non-linear
sigma models, duality symmetries of antisymmetric tensor fields and su-
per p-branes.
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1. Introduction
Recently interest in supergravities in various space-time dimensions has been
much increased due to their relevance to string dualities [1]. String dualities some-
times relate string theories at strong coupling and those at weak coupling, and are
extremely useful to understand non-perturbative properties of string theories. How-
ever, at present understanding of string theories, it is difficult to show dualities
directly in full string theories. Massless sectors of superstring theories are described
by supergravities, for which complete field theoretic formulations are known at the
classical level. One may try to obtain information about string dualities by studying
supergravities.
One of the purposes of this paper is to explain the basic ideas of supergravities
to those who are not familiar with supergravities. We try to make the discussions
pedagogical and often present explicit calculations. Another purpose is to collect
relevant formulae together in one place, which may be useful when one discusses
string dualities. They include possible types of spinors in various dimensions, field
contents of supergravity multiplets, bosonic symmetries of supergravities, etc. We
do not discuss quantum properties of supergravities such as ultraviolet divergences
or anomalies.
Supergravities are field theories which have the local supersymmetry. A trans-
formation parameter of the rigid supersymmetry is a constant spinor ǫα. (For a
review of the rigid supersymmetry see ref. [2], for instance.) To construct theories
which have the local supersymmetry we introduce a gauge field ψαµ(x), which has
a vector index µ in addition to the spinor index α. The transformation law of the
local supersymmetry is δQψ
α
µ (x) = ∂µǫ
α + · · ·, where the transformation parameter
ǫα(x) is an arbitrary function of the space-time coordinates xµ. Such a field ψαµ(x) is
the Rarita-Schwinger field representing a spin 3
2
particle. However, that is not all we
need. The anticommutation relation of supercharges Qα produces the translation
generators Pa:
{Qα, Q¯β} = (γa)αβPa. (1.1)
Therefore, we expect that gauging of supersymmetry leads to gauging of translation.
Since the local translation is the general coordinate transformation, we also need
the gravitational field gµν(x) as a gauge field. To summarize, supergravities are
theories, which are invariant under the local supersymmetry transformation as well
2
as the general coordinate transformation. They contain the gravitational field gµν(x)
and the Rarita-Schwinger field ψαµ(x).
In the next section we discuss supergravities in four dimensions in some de-
tail. To generalize these results to higher dimensions we first discuss what types of
spinor representations are possible in general dimensions in sect. 3. Then, possible
superalgebras and supergravity multiplets in higher dimensions are given in sect. 4.
Properties of higher dimensional supergravities are discussed in sect. 5. In sects.
6 and 7 we discuss subjects related to bosonic non-compact symmetries appearing
in supergravities. In sect. 6 we explain how scalar fields are described by G/H
non-linear sigma models with a non-compact Lie group G and its maximal compact
subgroup H. In sect. 7 we discuss duality symmetries, which transform field strength
of antisymmetric tensor fields into their duals. The non-compact group G acts on
the antisymmetric tensor fields as duality transformations. Finally, in sect. 8 we
briefly discuss super p-branes (p-dimensionally extended objects), which are closely
related to supergravities. The vielbein formulation of gravity is summarized in Ap-
pendix A. A proof of the local supersymmetry invariance of N = 1 supergravity in
four dimensions is given in Appendix B. We have not tried to give complete refer-
ences to the original papers. For more complete references see ref. [3]. Other useful
review papers on supergravities are refs. [4], [5].
2. Supergravities in four dimensions
In this section we shall consider supergravities in d = 4 space-time dimensions.
Massless irreducible representations of the N = 1 superalgebra consist of two states
with helicities differing by 1
2
. In particular, we have representations of helicities
(2, 3
2
) and (−3
2
,−2), which correspond to a pair of fields (gµν(x), ψαµ(x)). Therefore,
there is a possibility of constructing a supergravity which contains only these two
fields. Such a theory was explicitly constructed in ref. [6].
The field content of the d = 4, N = 1 supergravity is the vierbein (tetrad) eµ
a(x)
and a Majorana Rarita-Schwinger field ψµ(x). The vierbein is related to the metric
as gµν = eµ
aeν
bηab, where ηab = diag(+1,−1,−1,−1) is the flat Minkowski metric.
The vielbein formalism of gravity is reviewed in Appendix A. The Rarita-Schwinger
field satisfies the Majorana condition ψcµ(≡ Cψ¯Tµ ) = ψµ, where C is the charge
3
conjugation matrix satisfying
C−1γaC = −γaT , CT = −C. (2.1)
The Lagrangian consists of the Einstein term and the Rarita-Schwinger term
L = −1
4
eRˆ− 1
2
ieψ¯µγ
µνρDˆνψρ, (2.2)
where e = det eµ
a and γ’s with multiple indices are antisymmetrized products of
gamma matrices with unit strength
γµνρ =
1
3!
(γµγνγρ ± permutations of µνρ) . (2.3)
The curvature and the covariant derivative are defined by
Rˆ = ea
µeb
νRˆµν
ab,
Rˆµν
ab = ∂µωˆν
ab − ∂νωˆµab + ωˆµacωˆνcb − ωˆνacωˆµcb,
Dˆνψρ =
(
∂ν +
1
4
ωˆν
abγab
)
ψρ. (2.4)
The spin connection ωˆµ
ab used here is given by
ωˆµab = ωµab − 1
2
iψ¯aγµψb − 1
2
iψ¯µγaψb +
1
2
iψ¯µγbψa, (2.5)
where ωµab is the spin connection without torsion given in eq. (A.15). The spin
connection (2.5) has a torsion depending on the Rarita-Schwinger field
Dˆµeν
a − Dˆνeµa = −iψ¯µγaψν . (2.6)
If one wishes, it is also possible to express the Lagrangian using the torsionless spin
connection ωµab but with explicit 4-fermi terms
L = −1
4
eR− 1
2
ieψ¯µγ
µνρDνψρ + (4-fermi terms), (2.7)
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where R and Dν are defined by using the torsionless spin connection.
The Lagrangian (2.2) is invariant under three kinds of local symmetries up to
total divergences:
(i) general coordinate transformations
δG(ξ)eµ
a = −ξν∂νeµa − ∂µξνeνa,
δG(ξ)ψµ = −ξν∂νψµ − ∂µξνψν , (2.8)
(ii) local Lorentz transformations
δL(λ)eµ
a = −λabeµb,
δL(λ)ψµ = −1
4
λabγabψµ, (2.9)
(iii) local supertransformations
δQ(ǫ)eµ
a = −iǫ¯γaψµ,
δQ(ǫ)ψµ = Dˆµǫ ≡
(
∂µ +
1
4
ωˆµ
abγab
)
ǫ, (2.10)
where the transformation parameters ξµ(x), λab(x) (λ
ab = −λba) and ǫα(x) (ǫc = ǫ)
are arbitrary functions of the space-time coordinates xµ. The invariance under
the bosonic transformations (i), (ii) is manifest. The invariance under the local
supertransformations (iii) is shown in Appendix B.
These local transformations satisfy the following commutator algebra:
[δG(ξ1), δG(ξ2)] = δG(ξ1 · ∂ξ2 − ξ2 · ∂ξ1),
[δL(λ1), δL(λ2)] = δL([λ1, λ2]),
[δG(ξ), δL(λ)] = δL(ξ · ∂λ),
[δG(ξ), δQ(ǫ)] = δQ(ξ · ∂ǫ),
[δL(λ), δQ(ǫ)] = δQ(
1
4
λabγabǫ),
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(ξ · ωˆ) + δQ(ξ · ψ), ξµ = iǫ¯2γµǫ1. (2.11)
These commutation relations except the last one can be easily shown. The last
commutation relation is shown in Appendix B. To obtain the last commutation
relation one has to use field equations derived from the Lagrangian (2.2). In this
5
sense the algebra closes only on-shell. In the present theory it is possible to close the
commutator algebra off-shell by introducing an appropriate set of auxiliary fields,
which have no dynamical degrees of freedom. Theories with off-shell algebra are more
convenient, although not indispensable, when one fixes a gauge of local symmetries
and when one couples matter supermultiplets. For general supergravities (those with
extended supersymmetry and/or in higher dimensions) such an off-shell formulation
is not known.
One can couple matter supermultiplets to the supergravity multiplet (eµ
a, ψµ).
There are two kinds of matter supermultiplets in the d = 4, N = 1 supersymmetry.
A chiral multiplet (φ, λ) consists of a complex scalar field φ(x) and a Majorana
spinor field λ(x). A vector multiplet (Aµ, χ) consists of a vector field Aµ(x) and
a Majorana spinor field χ(x). The Lagrangian and the supertransformations of
matter coupled theories can be obtained by using either of the Noether method [4],
the superspace formulation [2], [7] or the tensor calculus [8]. In this paper, however,
we do not discuss such matter couplings but concentrate on pure supergravities,
which contain only supergravity multiplets.
So far we have considered the N = 1 supergravity based on the N = 1 super-
symmetry. We can also consider a gauging of the N -extended supersymmetry with
N transformation parameters ǫi (i = 1, 2, · · · , N) [5]. We need N gravitinos ψiµ(x)
(i = 1, 2, · · · , N), which transform as δQψiµ = ∂µǫi+ · · ·. To make supermultiplets of
the extended supersymmetry we also need other fields in addition to the metric and
the Rarita-Schwinger fields. Supergravity multiplets of extended supersymmetries
are listed in Table 3 of sect. 4. Representations of N ≥ 9 supersymmetry algebra
contain particles with helicities greater than two. Since consistent interacting theo-
ries of particles with such high helicities are not known, N ≥ 9 supergravities have
not been constructed.
N -extended supergravities contain 1
2
N(N − 1) vector fields denoted Bµ in Table
3. They are U(1)N gauge fields. It is possible to construct theories in which the
vector fields are O(N) non-abelian gauge fields. Such theories are called gauged
supergravities [9]. Their Lagrangians contain a cosmological term e proportional
to g2 and a gravitino mass term ψ¯µγ
µνψν proportional to g, where g is a gauge
coupling constant of the non-abelian gauge fields. In the limit g → 0 they reduce
to the ordinary supergravities. The N = 1 theory also has a generalization with a
cosmological term and a gravitino mass term.
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3. Spinors in higher dimensions
To construct supergravities in higher dimensions we need to know what kinds of
spinors we can define in each dimension [10]. We consider spinor representations of
the group SO(t,s) with an invariant metric
ηab = diag(+1, · · · ,+1︸ ︷︷ ︸
t
,−1, · · · ,−1︸ ︷︷ ︸
s
), d = t+ s. (3.1)
The d-dimensional Minkowski space-time corresponds to the case t = 1, s = d − 1.
Gamma matrices γa (a = 1, 2, · · · , d) of SO(t, s) satisfy the anticommutation relation
{γa, γb} = 2ηab. (3.2)
Matrices γa are hermitian for a = 1, · · · , t and antihermitian for a = t + 1, · · · , d.
The smallest matrices satisfying this anticommutation relation are 2[
d
2 ]×2[ d2 ], where
[x] is the largest integer not larger than x. An explicit representation of the gamma
matrices can be constructed as tensor products of 2×2 matrices. In even dimensions
(e.g., t = 2n, s = 0) we can use the following tensor products of n 2× 2 matrices:
γ1 = σ1 ⊗ 1⊗ · · · ⊗ 1,
γ2 = σ2 ⊗ 1⊗ · · · ⊗ 1,
γ3 = σ3 ⊗ σ1 ⊗ 1⊗ · · · ⊗ 1,
γ4 = σ3 ⊗ σ2 ⊗ 1⊗ · · · ⊗ 1,
...
γ2k+1 = σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
k
⊗σ1 ⊗ 1⊗ · · · ⊗ 1,
γ2k+2 = σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
k
⊗σ2 ⊗ 1⊗ · · · ⊗ 1,
...
γ2n−1 = σ3 ⊗ · · · ⊗ σ3 ⊗ σ1,
γ2n = σ3 ⊗ · · · ⊗ σ3 ⊗ σ2, (3.3)
where 1 is the 2× 2 unit matrix and σi (i = 1, 2, 3) are the Pauli matrices. Gamma
matrices in odd dimensions (d = t + s = 2n + 1) can be constructed by using
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those in even (d = t + (s − 1) = 2n) dimensions. We can use gamma matrices γa
(a = 1, · · · , 2n) of SO(t, s− 1) for the first 2n gamma matrices of SO(t, s). The last
matrix γ2n+1 can be taken as
γ2n+1 = (−1) 14 (s−t) i γ1γ2 · · · γ2n. (3.4)
Spinors of SO(t,s) have 2[
d
2 ] complex components in general and transform under
the Lorentz transformation as
δLψ = −1
4
λabγabψ. (3.5)
As we will discuss below, we can reduce the number of independent components of
spinors by imposing Weyl and/or Majorana conditions. These conditions must be
consistent with the Lorentz transformation law (3.5). Spinors satisfying these con-
ditions are called Weyl spinors and Majorana spinors respectively. General spinors
without any condition are called Dirac spinors. To discuss supersymmetry it is con-
venient to use spinors with the smallest number of independent components in each
dimension.
Weyl spinors are those having a definite chirality in even dimensions. We define
the chirality of spinors as an eigenvalue of the matrix
γ¯ = (−1) 14 (s−t)γ1γ2 · · · γd (3.6)
satisfying
γ¯2 = 1, {γ¯, γa} = 0. (3.7)
This matrix γ¯ is a generalization of γ5 in four dimensions. Weyl spinors with positive
(or negative) chirality are defined by
γ¯ψ = ψ (or γ¯ψ = −ψ) . (3.8)
It is easy to see that these conditions are consistent with eq. (3.5). The matrix γ¯ and
therefore Weyl spinors can be defined in any even dimensions. In odd dimensions γ¯
is proportional to the unit matrix and one cannot define Weyl spinors.
8
s− t 1 2 3 4 5 6 7 8
ǫ+ No −1 −1 −1 No +1 +1 +1
ǫ− +1 +1 No −1 −1 −1 No +1
Table 1: The values of ǫ±.
Majorana spinors are those satisfying a certain kind of reality condition. The
Majorana condition is
ψc = ψ, (3.9)
where the superscript c represents a charge conjugation. We shall discuss the charge
conjugation for d = t+ s = even and for d = t+ s = odd separately.
Let us first consider the case d = t + s = even. The matrices ±(γa)∗ satisfy
the same anticommutation relation as γa. Then, it can be shown that there exist
matrices B+ and B−, which relate ±(γa)∗ to γa by similarity transformations
(γa)∗ = B+γ
aB−1+ ,
−(γa)∗ = B−γaB−1− . (3.10)
The charge conjugation is defined by using one of these matrices as
ψc = B−1+ ψ
∗ or ψc = B−1− ψ
∗. (3.11)
It can be shown that B± satisfy
B∗±B± = ǫ±(t, s) 1, ǫ±(t, s) =
√
2 cos
[
π
4
(s− t± 1)
]
. (3.12)
We have summarized the values of ǫ± in Table 1.
The reason why this operation is called the charge conjugation can be seen as
follows. When a spinor field ψ satisfies the Dirac equation in the presence of an
electromagnetic gauge field Aµ
(iγµ∂µ − eγµAµ −m)ψ = 0, (3.13)
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the charge conjugated field ψc in eq. (3.11) satisfies
(iγµ∂µ + eγ
µAµ ±m)ψc = 0. (3.14)
Thus, the sign in front of the charge e has changed. In the mass term the upper
sign + is for B+ and the lower − is for B−. The definition of the charge conjugation
in eq. (3.11) is equivalent to the usual one using the charge conjugation matrix C.
To show this we introduce the Dirac conjugate of ψ as
ψ¯ = ψ†A, A = γ1γ2 · · · γt. (3.15)
Then, eq. (3.11) can be rewritten as
ψc = C+ψ¯
T or ψc = C−ψ¯
T
(
C± = B
−1
± A
−1T
)
. (3.16)
The charge conjugation matrices C± satisfy
γaT = ±(−1)t+1C−1± γaC±,
C
†
±C± = 1, C
T
± = (±1)t(−1)
1
2
t(t−1)ǫ±C±. (3.17)
The usual four-dimensional charge conjugation matrix C used in sect. 2 is C−.
For the Majorana condition (3.9) to be consistent we must have (ψc)c = ψ, which
is equivalent to B∗+B+ = 1 or B
∗
−B− = 1. Therefore, for t + s = even, Majorana
spinors can be defined only when ǫ+(t, s) = 1 or ǫ−(t, s) = 1. Sometimes, spinors
satisfying eq. (3.9) with the charge conjugation defined by using the matrix B+ are
called pseudo Majorana spinors, while those using B− are called Majorana spinors.
From Table 1 we can see in which dimensions (pseudo) Majorana spinors can be
defined.
The charge conjugation for d = t+ s = odd is defined by using the matrices B±
used in even dimensions. Recall that gamma matrices in d (odd) dimensions can
be constructed from those in d − 1 (even) dimensions. The first d − 1 matrices γa
(a = 1, 2, · · · , d − 1) are taken to be those of d − 1 dimensions. The last matrix γd
is taken to be iγ¯ (γ¯) if a = d is a space-like (time-like) direction. Then the matrices
B± used in d− 1 dimensions satisfy
B±γ
aB−1± = ±(γa)∗ (a = 1, · · · , d− 1),
B±γ
dB−1± = (−1)
1
2
(s−t+1)(γd)∗. (3.18)
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d W M pM MW pMW
2 ◦ ◦ ◦ ◦ ◦
3 ◦
4 ◦ ◦
5
6 ◦
7
8 ◦ ◦
9 ◦
10 ◦ ◦ ◦ ◦ ◦
11 ◦
Table 2: Possible types of spinors in d-dimensional Minkowski space-time (t = 1,
s = d − 1). W, M, pM, MW, pMW denote Weyl, Majorana, pseudo Majorana,
Majorana-Weyl and pseudo Majorana-Weyl spinors respectively.
When (−1) 12 (s−t+1) = 1 ((−1) 12 (s−t+1) = −1), the signs on the right hand side are
the same for all γa (a = 1, · · · , d), and we can use B+ (B−) to define the charge
conjugation. As in the case d = even, the charge conjugation must satisfy (ψc)c = ψ
to define (pseudo) Majorana spinors. Possible B± and corresponding ǫ± are listed
in Table 1.
We can also define (pseudo) Majorana-Weyl spinors, which satisfy both of the
(pseudo) Majorana condition ψc = ψ and the Weyl condition γ¯ψ = ψ (or γ¯ψ =
−ψ). (Pseudo) Majorana-Weyl spinors are possible only if these two conditions
are consistent, i.e., ψ and ψc have the same chirality. In general, when a spinor
ψ has a chirality + (−), the charge conjugated spinor ψc has a chirality (−1) 12 (s−t)
(−(−1) 12 (s−t)). Therefore, (pseudo) Majorana-Weyl spinors can be defined only when
s − t = 0 mod 4. In particular, they can be defined in d = 2 mod 4 for Minkowski
signature t = 1, s = d− 1.
Possible types of spinors in various dimensions with Minkowski signature t = 1,
s = d− 1 are summarized in Table 2. This table is periodic in dimensions d with a
period 8.
When (ψc)c = −ψ, we cannot impose the (pseudo) Majorana condition ψc = ψ
and we have to use Dirac spinors (or Weyl spinors in even dimensions). Alternatively,
we can introduce even numbers of spinors ψi (i = 1, 2, · · · , 2n) and impose the
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condition
ψi = Ωij(ψj)c, (3.19)
where Ωij = −Ωji is a constant antisymmetric matrix. Spinors satisfying such a
condition are called symplectic (pseudo) Majorana spinors. 2n symplectic (pseudo)
Majorana spinors are equivalent to n Dirac spinors. Sometimes it is more convenient
to use symplectic (pseudo) Majorana spinors than Dirac spinors, especially when the
theory has a symplectic symmetry.
4. Superalgebras and supergravity multiplets
Field contents of supergravities are determined by irreducible representations of
the super Poincare´ algebras [11]. The super Poincare´ algebras consist of generators of
translations Pa, generators of Lorentz transformations Mab, supercharges Q
αi, gen-
erators of automorphism group TA and “central” charges Z ij . Nonvanishing (anti)
commutation relations besides {Q,Q} are, in addition to the usual commutators of
the Poincare´ algebra,
[Mab, Q
i] =
1
2
γabQ
i, [TA, Qi] = (tA)ijQ
j,
[TA, Z ij] = (tA)ikZ
kj + (tA)jkZ
ik, [TA, TB] = fABCT
C, (4.1)
where tA and fABC are representation matrices and the structure constant of the
Lie algebra of the automorphism group.
The automorphism group K and the form of anticommutators {Q,Q} depend
on the spinor type of Qi.
(a) d = 4, 8 mod 8
The supercharges are Weyl spinors with positive chirality Qi+ (i = 1, 2, · · · , N).
Their charge conjugations have negative chirality (Qi+)
c = Q− i, where the charge
conjugation matrix C = C− (C = C+) is used for d = 4 (d = 8) mod 8. The
automorphism group is K = U(N). Anticommutators of the supercharges are
{Qi+, QT−j} =
1
2
(1 + γ¯)γaCPaδ
i
j ,
{Qi+, QjT+ } =
1
2
(1 + γ¯)CZij, (4.2)
12
where Z ij = −Zji for d = 4 mod 8 and Z ij = Zji for d = 8 mod 8.
(b) d = 10 mod 8
The supercharges are Majorana-Weyl spinors with positive chirality Qi+ (i =1, 2, · · · ,
N+) and Majorana-Weyl spinors with negative chirality Q
i
− (i = 1, 2, · · · , N−). The
automorphism group is K = SO(N+) × SO(N−). Anticommutators of the super-
charges are
{Qi+, QjT+ } =
1
2
(1 + γ¯)γaC−Paδ
ij ,
{Qi−, QjT− } =
1
2
(1− γ¯)γaC−Paδij,
{Qi+, QjT− } =
1
2
(1 + γ¯)C−Z
ij. (4.3)
(c) d = 6 mod 8
The supercharges are symplectic Majorana-Weyl spinors with positive chirality Qi+
(i = 1, 2, · · · , N+) and symplectic Majorana-Weyl spinors with negative chirality
Qi− (i = 1, 2, · · · , N−). They satisfy Ωij+(Qj+)c = Qi+, Ωij−(Qj−)c = Qi−, where Ωij± are
antisymmetric matrices. The numbers N+ andN− must be even. The automorphism
group is K = USp(N+) × USp(N−). Anticommutators of the supercharges are
{Qi+, QjT+ } =
1
2
(1 + γ¯)γaC−PaΩ
ij
+,
{Qi−, QjT− } =
1
2
(1− γ¯)γaC−PaΩij−,
{Qi+, QjT− } =
1
2
(1 + γ¯)C−Z
ij . (4.4)
(d) d = 9, 11 mod 8
The supercharges are (pseudo) Majorana spinors Qi (i = 1, 2, · · · , N). The auto-
morphism group is K = SO(N) and anticommutators of the supercharges are
{Qi, QjT} = γaCPaδij + CZij , (4.5)
where C = C+, Z
ij = Zji for d = 9 mod 8 and C = C−, Z
ij = −Zji for d = 11 mod
8.
(e) d = 5, 7 mod 8
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The supercharges are symplectic (pseudo) Majorana spinors Qi (i = 1, 2, · · · , N).
They satisfy Ωij(Qj)c = Qi, where Ωij is an antisymmetric matrix. The number N
must be even. The automorphism group is K = USp(N) and anticommutators of
the supercharges are
{Qi, QjT} = γaCPaΩij + CZij , (4.6)
where C = C+, Z
ij = −Zji for d = 5 mod 8 and C = C−, Z ij = Zji for d = 7 mod
8.
Particles appearing in supergravities belong to irreducible representations of
these super Poincare´ algebras. All states in an irreducible representation are ob-
tained by applying components of the supercharges with helicity 1
2
Q 1
2
on the
lowest helicity state |hmin〉. A state Q 1
2
Q 1
2
· · ·Q 1
2
|hmin〉 with n Q 1
2
’s has helicity
h = hmin +
1
2
n. (For details, see ref. [11].) When the supercharges have too many
components, all representations contain particles with helicity |h| > 2. However,
consistent interacting theories with helicity > 2 are not known. Hence, we should
consider algebras which have representations with helicity ≤ 2. Then, there are only
a finite number of possible (d,N). In particular, the space-time dimension must be
d ≤ 11. Supermultiplets for these (d,N) were given in ref. [11]. Representations
which contain graviton and gravitinos are called supergravity multiplets. They are
massless representations of the algebra, which satisfy
PaP
a = 0, Z ij = 0. (4.7)
Field contents corresponding to supergravity multiplets in various dimensions are
listed in Table 3. In addition to these supergravity multiplets there can exist massless
and massive matter supermultiplets containing particles with spins ≤ 1. We do not
discuss matter supermultiplets in this paper.
As a check of the field contents in Table 3 one can count the numbers of bosonic
and fermionic degrees of freedom in a supergravity multiplet, which should be the
same. The physical degrees of freedom of each fields are most easily obtained in the
light-cone gauge, where only transverse components of the fields are physical. We
find that the numbers of physical degrees of freedom are
eµ
a : 1
2
(d− 2)(d− 1)− 1,
Bµνρσ : d−2C4 =
1
24
(d− 2)(d− 3)(d− 4)(d− 5),
14
d N spinors fields n
11 1 M eµ
a, ψµ, Bµνρ 128
10 (1,1) MW eµ
a, ψ+µ, ψ−µ, Bµνρ, Bµν , Bµ, λ+, λ−, φ 128
(2,0) MW eµ
a, 2ψ+µ, B
(+)
µνρσ, 2Bµν , 2 λ−, 2φ 128
(1,0) MW eµ
a, ψ+µ, Bµν , λ−, φ 64
9 2 pM eµ
a, 2ψµ, Bµνρ, 2Bµν , 3Bµ, 4 λ, 3φ 128
1 pM eµ
a, ψµ, Bµν , Bµ, λ, φ 56
8 2 pM eµ
a, 2ψµ, Bµνρ, 3Bµν , 6Bµ, 6 λ, 7φ 128
1 pM eµ
a, ψµ, Bµν , 2Bµ, λ, φ 48
7 4 sM eµ
a, 4ψµ, 5Bµν , 10Bµ, 16 λ, 14φ 128
2 sM eµ
a, 2ψµ, Bµν , 3Bµ, 2 λ, φ 40
6 (4,4) sMW eµ
a, 4ψ+µ, 4ψ−µ, 5Bµν , 16Bµ, 20 λ+, 20 λ−, 25φ 128
(4,2) sMW eµ
a, 4ψ+µ, 2ψ−µ, 5B
(+)
µν , B
(−)
µν , 8Bµ, 10 λ+, 4 λ−, 5φ 64
(2,2) sMW eµ
a, 2ψ+µ, 2ψ−µ, Bµν , 4Bµ, 2 λ+, 2 λ−, φ 32
(4,0) sMW eµ
a, 4ψ+µ, 5B
(+)
µν 24
(2,0) sMW eµ
a, 2ψ+µ, B
(+)
µν 12
5 8 spM eµ
a, 8ψµ, 27Bµ, 48 λ, 42φ 128
6 spM eµ
a, 6ψµ, 15Bµ, 20 λ, 14φ 64
4 spM eµ
a, 4ψµ, 6Bµ, 4 λ, φ 24
2 spM eµ
a, 2ψµ, Bµ 8
4 8 M eµ
a, 8ψµ, 28Bµ, 56 λ, 70φ 128
6 M eµ
a, 6ψµ, 16Bµ, 26 λ, 30φ 64
5 M eµ
a, 5ψµ, 10Bµ, 11 λ, 10φ 32
4 M eµ
a, 4ψµ, 6Bµ, 4 λ, 2φ 16
3 M eµ
a, 3ψµ, 3Bµ, λ 8
2 M eµ
a, 2ψµ, Bµ 4
1 M eµ
a, ψµ 2
Table 3: Supergravity multiplets. eµ
a, ψµ, Bµ···, λ and φ represent vielbein, Rarita-
Schwinger fields, antisymmetric tensor fields, spin 1
2
spinor fields and scalar fields
respectively. The subscripts ± on spinor fields denote chiralities. The superscripts
(±) on antisymmetric tensor fields mean that they are (anti-)self-dual. The num-
bers of fields are counted by real fields for bosonic fields and (symplectic/pseudo)
Majorana(-Weyl) spinors for fermionic fields. The last column n denotes bosonic (=
fermionic) physical degrees of freedom.
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Bµνρ : d−2C3 =
1
6
(d− 2)(d− 3)(d− 4),
Bµν : d−2C2 =
1
2
(d− 2)(d− 3),
Bµ : d− 2,
φ : 1,
ψµ :
1
2
(d− 2− 1) 2[d2 ],
λ : 1
2
2[
d
2 ]. (4.8)
The number −1 for eµa and ψµ comes from the (γ-)traceless conditions on graviton
and gravitino. The factor 1
2
for spinor fields is due to the fact that their field
equations are first order differential equations. The numbers of the bosonic and
fermionic degrees of freedom in each supergravity multiplet are indeed the same and
are given in the last column of the table.
5. Supergravities in higher dimensions
Lagrangians and local supertransformation laws of fields of supergravities in vari-
ous dimensions were explicitly obtained by the Noether’s method or by dimensional
reductions from higher dimensional theories. Supergravity in the highest space-time
dimensions is the d = 11, N = 1 theory [12]. The field content is the vielbein eµ
a,
a Majorana Rarita-Schwinger field ψµ and a real third rank antisymmetric tensor
field Bµνρ. The Lagrangian has a relatively simple form
L = −1
4
eR− 1
2
ieψ¯µγ
µνρDνψρ − 1
48
eFµνρσF
µνρσ
+
1
96
e
(
ψ¯µγ
µναβγδψν + 12 ψ¯
αγβγψδ
)
Fαβγδ
+
2
1442
ǫα1···α4β1···β4µνρFα1···α4Fβ1···β4Bµνρ + (4-fermi terms), (5.1)
where Fµνρσ = 4∂[µBνρσ] is the field strength of the antisymmetric tensor. This
Lagrangian is invariant under the local supertransformation
δQeµ
a = −iǫ¯γaψµ, δQBµνρ = 3
2
ǫ¯γ[µνψρ],
δQψµ = Dµǫ+
i
144
(
γαβγδµ − 8γβγδδαµ
)
ǫFαβγδ + (3-fermi terms) (5.2)
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in addition to the general coordinate and the local Lorentz transformations. It is
also invariant under the local gauge transformation of the antisymmetric tensor field
δgeµ
a = 0, δgψµ = 0, δgBµνρ = 3 ∂[µΛνρ] (Λµν = −Λνµ). (5.3)
In ten dimensions there are three types of supergravities: (N+, N−) = (1, 1),
(2, 0), (1, 0). The field contents are given in Table 3. The (1, 1) supergravity [13]
can be obtained from the d = 11 theory by a dimensional reduction and is vector-like
(left-right symmetric). This theory is a massless sector of the type IIA superstring
theory. The (2, 0) supergravity [14] is a chiral (left-right asymmetric) theory. It
contains a fourth rank antisymmetric tensor field B(+)µνρσ, whose field strength satisfies
a self-duality condition Fµνρστ =
1
5!
eǫµνρσταβγδηF
αβγδη. Because of this self-dual field
a Lorentz covariant action of this theory is not known although field equations were
explicitly obtained. It has a non-compact symmetry SU(1,1) and the scalar fields
are described by an SU(1,1)/U(1) non-linear sigma model. This theory is a massless
sector of the type IIB superstring theory. The (1, 0) supergravity [15] is a chiral
theory. There exists a matter supermultiplet (Aµ, χ+), where Aµ is a gauge field
and χ+ is a spin
1
2
Majorana-Weyl spinor field, both of which are in the adjoint
representation of a certain gauge group. This theory is a massless sector of the type
I superstring theory and the heterotic string theory.
Supergravities in d < 10 dimensions, whose field contents are given in Table 3,
can be obtained from d = 11 or d = 10 supergravity by dimensional reductions and
truncations of fields. Their general structure is as follows. Field contents are the
vielbein, Rarita-Schwinger fields, antisymmetric tensor gauge fields, spin 1
2
spinor
fields and scalar fields. When scalar fields are present, the theory has a rigid non-
compact symmetry G. The scalar fields are described by a G/H non-linear sigma
model, where H is a maximal compact subgroup of G. For instance, two scalar fields
in the d = 4, N = 4 theory are described by the SU(1,1)/U(1) sigma model. In
even dimensions (d = 2n) G acts on (n−1)-th antisymmetric tensor fields Bµ1···µn−1
as duality transformations. In this case G is a symmetry of equations of motion but
not of the action. In the following two sections we will discuss these structures in
detail.
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6. Non-linear sigma models
Scalar fields appearing in supergravities are described by a G/H non-linear sigma
model, where G is a non-compact Lie group and H is a maximal compact subgroup
of G. The G/H non-linear sigma model is a theory of G/H-valued scalar fields, which
is invariant under rigid G transformations. In this section we shall review how to
construct G/H non-linear sigma models [16], [17].
We represent the scalar fields by a G-valued scalar field V (x) and require local
H invariance. Since we do not introduce independent H gauge fields, the H part of
V (x) can be gauged away and physical degrees of freedom are on a coset space G/H.
The rigid G transformations act on V (x) from the left
V (x)→ gV (x) (g ∈ G), (6.1)
while the local H transformations act from the right
V (x)→ V (x)h−1(x) (h(x) ∈ H). (6.2)
To construct the action we decompose the Lie algebra G of G as
G = H+N, (6.3)
where H is the Lie algebra of H and N is its orthogonal complement in G. The or-
thogonality is defined with respective to trace in a certain representation: tr(HN) =
0. It can be easily shown that
[H,H] ⊂ H, [H,N] ⊂ N. (6.4)
The G-valued field V −1∂µV is decomposed as
V −1∂µV = Qµ + Pµ, Qµ ∈ H, Pµ ∈ N. (6.5)
By using eq. (6.4) the transformation laws of Qµ and Pµ under the local H transfor-
mations (6.2) are found to be
Qµ → hQµh−1 + h∂µh−1,
Pµ → hPµh−1, (6.6)
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while they are invariant under the rigid G transformations (6.1). We see that Qµ
transforms as an H gauge field, while Pµ is covariant under the H transformations.
From eq. (6.5) Pµ can be expressed as
Pµ = V
−1 (∂µV − V Qµ) ≡ V −1DµV, (6.7)
where Dµ is the H-covariant derivative on V .
By using these quantities we can construct an action which is invariant under
the rigid G and the local H transformations. The kinetic term of the scalar fields is
L = 1
2
tr(PµP
µ)
=
1
2
tr(V −1DµV V
−1DµV ). (6.8)
This action is quadratic in derivatives of V and is manifestly invariant under the
rigid G and the local H transformations. The H-connection Qµ can be used to
define the covariant derivatives on other fields transforming under the local H. For
instance, when a spinor field ψ(x) transforms under the local H transformations as
ψ(x)→ h(x)ψ(x), the covariant derivative is
Dµψ = (∂µ +Qµ)ψ. (6.9)
We can also use Pµ to construct H-invariant terms in the action such as
ψ¯γµPµψ. (6.10)
We can describe the theories in terms of physical fields by fixing a gauge for the
local H symmetry. For instance, we can choose a gauge
V (x) = eΦ(x), (6.11)
where Φ(x) is an N-valued field, which represents physical degrees of freedom. The
G transformations (6.1) break this gauge condition. To preserve the gauge the
transformation g must be accompanied by a compensating H transformation h(x; g).
Therefore, the G transformations of Φ(x) are given by
eΦ(x) → eΦ′(x) = g eΦ(x)h−1(x; g). (6.12)
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d N G H
10 (1,1) GL(1,R) 1
(2,0) SL(2,R) SO(2)
(1,0) G(1,R) 1
9 2 GL(2,R) SO(2)
1 GL(1,R) 1
8 2 SL(3,R) × SL(2,R) SO(3) × SO(2)
1 GL(1,R) 1
7 4 SL(5,R) SO(5)
2 GL(1,R) 1
6 (4,4) SO(5,5) SO(5) × SO(5)
(4,2) SO(5,1) SO(5)
(2,2) GL(1,R) 1
5 8 E6(+6) USp(8)
6 SU∗(6) USp(6)
4 USp(4) × GL(1,R) USp(4)
4 8 E7(+7) SU(8)
6 SO∗(12) U(6)
5 SU(5,1) U(5)
4 SU(4) × SL(2,R) U(4)
Table 4: G and H in supergravities.
The compensating transformation h(x; g) is chosen such that Φ′(x) belongs to N.
The transformation Φ(x)→ Φ′(x) is a non-linear realization of (6.1). When g ∈ H,
we can take h(x; g) = g and g is linearly realized.
The groups G and H appearing in supergravities are listed in Table 4. One can
check that the dimension of the coset space G/H is equal to the number of scalar
fields in each theory. As an example of G/H sigma models in supergravities let us
consider the case G = SL(2, R) ∼ SU(1,1) and H = SO(2) ∼ U(1). This sigma
model appears in the d = 10, (2, 0) and d = 4, N = 4 supergravities. The SU(1,1)-
valued scalar field V (x) is parametrized by two complex scalar fields φ0(x), φ1(x)
as
V (x) =
(
φ0(x) φ
∗
1(x)
φ1(x) φ
∗
0(x)
)
, |φ0|2 − |φ1|2 = 1. (6.13)
The rigid SU(1,1) and the local U(1) transformations are given by eqs. (6.1) and
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(6.2) respectively with
g =
(
a b∗
b a∗
)
, h(x) =
(
eiθ(x) 0
0 e−iθ(x)
)
, (6.14)
where |a|2 − |b|2 = 1. The quantities in eq. (6.5) are obtained as
Qµ = (φ
∗
0∂µφ0 − φ∗1∂µφ1)
(
1 0
0 −1
)
,
Pµ =
(
0 (φ0∂µφ1 − φ1∂µφ0)∗
φ0∂µφ1 − φ1∂µφ0 0
)
. (6.15)
Therefore, the Lagrangian (6.8) becomes
L = 1
2
tr (PµP
µ)
= |φ0∂µφ1 − φ1∂µφ0|2
=
∂µz∂
µz∗
(1− |z|2)2
(
z ≡ φ∗1(φ∗0)−1
)
. (6.16)
The variable z is U(1)-invariant and represents physical degrees of freedom. It
transforms under SU(1,1) as
z → az + b
∗
bz + a∗
. (6.17)
It can be easily seen that the Lagrangian (6.16) is invariant under this transforma-
tion.
7. Duality symmetries
7.1 Duality symmetry in the free Maxwell theory
In this section we discuss duality symmetries appearing in supergravities in even
dimensions. Duality symmetries are generalizations of the electric-magnetic duality
in the Maxwell theory. Let us first consider the free Maxwell theory as a simple
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example to explain what duality symmetries are. The free Maxwell equations consist
of the equation of motion and the Bianchi identity
∂µF
µν = 0, ∂µF˜
µν = 0, (7.1)
where
Fµν = ∂µAν − ∂νAµ, F˜ µν = 1
2
ǫµνρσFρσ. (7.2)
The set of equations (7.1) is invariant under rigid general linear transformations
δ
(
F µν
F˜ µν
)
=
(
A B
C D
)(
F µν
F˜ µν
)
(A, B, C, D ∈ R). (7.3)
Such transformations, which mix F µν and F˜ µν are called duality transformations.
We have to take into account the fact that F µν and F˜ µν are not independent but are
related by the duality operation in eq. (7.2). By taking a dual of the upper equation
of eq. (7.3) and using an identity ˜˜F = −F , we obtain δF˜ = AF˜ −BF , which should
coincide with the lower equation. Therefore, the transformation parameters must
satisfy D = A and C = −B, and the symmetry transformation is
δ
(
F
F˜
)
=
(
A B
−B A
)(
F
F˜
)
. (7.4)
We can diagonalize the transformation matrix by using a complex basis
δ
(
F + iF˜
F − iF˜
)
=
(
A− iB 0
0 A+ iB
)(
F + iF˜
F − iF˜
)
. (7.5)
We see that the group of the duality transformations is GL(1,C).
To discuss the duality symmetry we have not studied the invariance of the action
but that of the field equations. The reason is that the duality transformations are
consistent only on-shell. Since the independent variables of the theory is Aµ, δFµν
in eq. (7.4) should be derived from δAµ:
∂µδAν − ∂νδAµ = AFµν +BF˜µν . (7.6)
22
The integrability of this equation requires ∂µ(AF˜ + B
˜˜
F )µν = 0, i.e., ∂µF
µν = 0.
Thus, the equation of motion must be satisfied. Even if we ignore this point and
formally consider the transformation (7.4) off-shell, the action −1
4
∫
d4xF 2µν is not
invariant. Therefore, to construct theories invariant under duality transformations
it is easier to study the covariance of equations of motion.
7.2 Duality symmetries in higher dimensions
We shall study duality symmetries of interacting theories in general even dimensions
d = 2n [18], [17], [19]. We consider theories of (n− 1)-th rank antisymmetric tensor
fields BIµ1···µn−1(x) (I = 1, · · · ,M) interacting with other fields φi(x). The field
strengths of the tensor fields and their duals are defined as
F Iµ1···µn = n ∂[µ1B
I
µ2···µn],
F˜ Iµ1···µn =
1
n!
e−1ǫµ1···µnν1···νnF Iν1···νn . (7.7)
In d dimensions the duality operation satisfies
˜˜
F = ǫF, ǫ =
{
+1 for d = 4k + 2,
−1 for d = 4k. (7.8)
We assume that the Lagrangian has a form
L = L(φ, ∂φ, F )
=
1
2n!
ǫeK1IJ(φ)F
I
µ1···µn
F Jµ1···µn +
1
2n!
ǫeK2IJ(φ)F
I
µ1···µn
F˜ Jµ1···µn
+eF Iµ1···µnO
µ1···µn
I (φ, ∂φ) + L′(φ, ∂φ), (7.9)
where K1IJ = K1JI , K2IJ = −ǫK2JI . The fields BIµ1···µn−1 appear only through
their field strengths F Iµ1···µn . The Lagrangians of supergravities are of this type. We
require duality symmetries in this theory, and obtain conditions on the functions
K1, K2, O and possible duality symmetry groups.
The equations of motion for BIµ1···µn−1 and the Bianchi identities are
∂µ1
(
eG˜
µ1···µn
I
)
= 0, ∂µ1
(
eF˜ I µ1···µn
)
= 0, (7.10)
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where the dual of antisymmetric tensors GIµ1···µn are defined by
G˜
µ1···µn
I =
n!
e
∂L
∂F Iµ1···µn
. (7.11)
(For the free Maxwell theory, Gµν = F˜ µν .) These equations are invariant under
transformations
δ
(
F
G
)
=
(
A B
C D
)(
F
G
)
, δφi = ξi(φ), (7.12)
where A, B, C, D are constant n × n real matrices and ξi(φ) are functions of φi.
As in the Maxwell theory these constants are not independent. We shall obtain the
conditions that these constants should satisfy by studying (i) the covariance of the
definition of G (7.11) and (ii) the covariance of the equations of motion for φi.
Let us first study the covariance of the definition of G. By eq. (7.11) G is
expressed in terms of F and φ. Therefore, the transformation of G can be derived
from those of F and φ. From eq. (7.11) we obtain
δG˜I =
n!
e
∂δL
∂F I
− G˜JAJ I − G˜JBJK ∂GK
∂F I
. (7.13)
This should coincide with the transformation given in the lower equations in eq.
(7.12). By equating these two transformation laws we obtain
∂
∂F I
(
n!δL − 1
2
eF JCJKF˜
K − 1
2
eG˜JB
JKGK
)
−
(
AJ I +DI
J
)
n!
∂L
∂F J
=
1
2
e (CIJ + ǫCJI) F˜
J +
1
2
eG˜J
(
BJK + ǫBKJ
) ∂GK
∂F I
. (7.14)
When there exist nontrivial interactions, this equation gives conditions on the trans-
formation parameters
AIJ +DJ
I = αδIJ , B
IJ = −ǫBJI , CIJ = −ǫCJI , (7.15)
where α is an arbitrary constant, as well as a condition on the variation of the
Lagrangian
∂
∂F I
(
δL − 1
2n!
eF ICIJF˜
J − 1
2n!
eG˜IB
IJGJ − αL
)
= 0. (7.16)
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The equation of motion for φi is
Ei ≡
(
∂
∂φi
− ∂µ ∂
∂(∂µφi)
)
L = 0. (7.17)
The covariance of this equation under the duality transformations (7.12)
δEi = −∂ξ
j
∂φi
Ej (7.18)
requires another condition on the variation of the Lagrangian
(
∂
∂φi
− ∂µ ∂
∂(∂µφi)
)(
δL − 1
2n!
eG˜IB
IJGJ
)
= 0. (7.19)
Now we can find out possible duality groups by studying eqs. (7.15), (7.16) and
(7.19). Comparing eqs. (7.16) and (7.19) we find α = 0. Then, the conditions on
the parameters (7.15) can be written as
XTΩ + ΩX = 0, (7.20)
where
X =
(
A B
C D
)
, Ω =
(
0 ǫ
1 0
)
. (7.21)
For d = 4k (ǫ = −1) Ω is an antisymmetric matrix and the above condition implies
that the group of duality transformations is Sp(2M ,R) or its subgroup. On the
other hand, for d = 4k + 2 (ǫ = +1) Ω is a symmetric matrix, which can be
diagonalized to diag(1,−1). Therefore, the group of duality transformations in this
case is SO(M ,M) or its subgroup. Eqs. (7.15), (7.16) and (7.19) also restrict the
variation of the Lagrangian
δL = 1
2n!
eF ICIJF˜
J +
1
2n!
eG˜IB
IJGJ
= δ
(
1
2n!
eF IG˜I
)
. (7.22)
Thus, although the Lagrangian is not invariant under the duality transformations,
it transforms in a definite way.
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It can be shown that a derivative of the Lagrangian with respect to an invariant
parameter λ is invariant under the duality transformations. Indeed, by computing
∂
∂λ
δL and using eqs. (7.11), (7.15) we obtain
δ
(
∂L
∂λ
)
=
∂
∂λ
(
δL− 1
2n!
eF ICIJF˜
J − 1
2n!
eG˜IB
IJGJ
)
, (7.23)
which vanishes by eq. (7.22). Here, we have assumed that ξi do not depend on λ.
The invariant parameter can be an invariant external field such as the metric. Thus,
the energy-momentum tensor obtained as a functional derivative of the Lagrangian
with respect to the metric is invariant under the duality transformations.
Let us obtain an explicit form of the Lagrangian which transforms as in eq.
(7.22). The Lagrangian satisfying eq. (7.22) can be written as
L = 1
2n!
eF IG˜I + Linv(φ, ∂φ, F )
=
1
2n!
eF IG˜I +
1
2n!
e(F III + ǫGIH
I) + Linv(φ, ∂φ), (7.24)
where n-th antisymmetric tensors (HIµ1···µn(φ, ∂φ), II µ1···µn(φ, ∂φ)) transform in the
same way as (F I , GI), and Linv(φ, ∂φ) is invariant under the duality transformations.
In the second line we have assumed that the duality symmetry group is a maximal
one, i.e., Sp(2M ,R) in d = 4k or SO(M ,M) in d = 4k + 2, for simplicity. When
the symmetry group is a subgroup of them, there can be other invariants other than
FI + ǫGH . Substituting eq. (7.24) into eq. (7.11) we obtain a differential equation
for G˜
(G˜− I)I = (F − ǫH˜)J ∂
∂F I
(G˜− I)J . (7.25)
To solve this equation we introduce an operation j:
j : F −→ jF ≡ F˜ . (7.26)
Then, the solution can be written as
jGI = II + ǫKIJ(φ)(F
J − ǫjHJ), (7.27)
where
KIJ(φ) = K1IJ(φ) +K2IJ(φ)j (K1IJ = K1JI , K2IJ = −ǫK2JI) . (7.28)
26
From the covariance of eq. (7.27) under the duality transformations, K must trans-
form as
δK = −KA−KBKj + ǫCj +DK. (7.29)
Substituting this solution into eq. (7.24) we obtain
L = 1
2n!
ǫeF IKIJF
J +
1
n!
eF I(II −KIJH˜J)− 1
2n!
ǫeH˜I(II −KIJH˜J) + Linv(φ, ∂φ).
(7.30)
Thus, if we can find out functions HI(φ, ∂φ), II(φ, ∂φ), KIJ(φ) with appropriate
transformation properties, we have an explicit form of the Lagrangian.
7.3 Compact duality symmetry
Let us consider a special case of K = 1. In this case we will see that the duality
symmetry group must be a compact group. From eq. (7.29) the transformation
parameters must satisfy
A = D, B = ǫC. (7.31)
For d = 4k these conditions imply
X =
(
A B
−B A
)
, AT = −A, BT = B. (7.32)
The transformation law becomes
δ
(
F + iG
F − iG
)
=
(
A− iB 0
0 (A− iB)∗
)(
F + iG
F − iG
)
. (7.33)
Since A − iB is anti-hermitian, the duality symmetry group is U(M), which is a
maximal compact subgroup of Sp(M ,M), or its subgroup.
On the other hand, for d = 4k + 2 the conditions in eq. (7.31) imply
X =
(
A B
B A
)
, AT = −A, BT = −B. (7.34)
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and
δ
(
F +G
F −G
)
=
(
A +B 0
0 A− B
)(
F +G
F −G
)
. (7.35)
Since A + B and A − B are real and antisymmetric, the duality symmetry group
is SO(M) × SO(M), which is a maximal compact subgroup of SO(M ,M), or its
subgroup.
As an example of compact duality symmetries let us consider the d = 4, N = 2
supergravity [20]. The fields are the vierbein eµ
a, two Majorana Rarita-Schwinger
fields ψiµ (i = 1, 2) and a U(1) gauge field Bµ. The Lagrangian is
L = −1
4
eR − 1
2
ieψ¯iµγ
µνρDνψ
i
ρ −
1
4
eFµνF
µν
−1
2
eǫijψ¯
i
µ(F
µν − iγ¯F˜ µν)ψjν + (4-fermi terms). (7.36)
This Lagrangian is invariant under a rigid SU(2) transformation
δeµ
a = 0, δψiµ = (Σ
ij + iγ¯Λij)ψjµ, δBµ = 0, (7.37)
where Σij , Λij are are real parameters satisfying Σij = −Σji, Λij = Λji and Λii = 0.
The equations of motion have an additional symmetry under a rigid U(1) transfor-
mation
δeµ
a = 0, δψiµ = −
1
2
Λiγ¯ψiµ, δ
(
F µν
Gµν
)
=
(
0 Λ
−Λ 0
)(
F µν
Gµν
)
, (7.38)
where Λ is a real parameter. This U(1) transformation acts on the gauge field as a
duality transformation. An explicit form of G can be obtained from eq. (7.11)
G˜µν = −Fµν − H˜µν + Iµν , (7.39)
where
Hµν = −ǫijψ¯iµiγ¯ψjν , Iµν = −ǫijψ¯iµψjν . (7.40)
One can easily see that (H, I) transform in the same way as (F,G). Furthermore,
the transformation of G in eq. (7.39) derived from δF and δψ correctly reproduces
δG in eq. (7.38). Using G the Lagrangian (7.36) can be rewritten in the form (7.24)
L = 1
4
eFµνG˜
µν +
1
4
e (FµνI
µν −GµνHµν) + (Bµ-independent terms). (7.41)
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7.4 Non-compact duality symmetry
We can construct KIJ(φ) which transforms as in eq. (7.29) by using a G/H non-
linear sigma model. Here, G is a duality symmetry group, which we assume to be
a maximal one, i.e., Sp(2M) or SO(M ,M). H is a maximal compact subgroup of
G, i.e., U(M) or SO(M) × SO(M). We use a G-valued scalar field V (x), which
transforms under Grigid × Hlocal as in eqs. (6.1), (6.2).
Let us first discuss the case d = 4k, G = Sp(2M), H = U(M). It is convenient
to use the complex basis, in which the G transformation is
(
F + iG
F − iG
)
→
(
a b∗
b a∗
)(
F + iG
F − iG
)
, a†a−b†b = 1, aT b−bT a = 0. (7.42)
In this basis the scalar field is expressed as
V (x) =
(
φ0(x) φ
∗
1(x)
φ1(x) φ
∗
0(x)
)
, φ
†
0φ0 − φ†1φ1 = 1, φT0 φ1 − φT1 φ0 = 0. (7.43)
Using the components in eq. (7.43) we can construct K transforming as in eq. (7.29)
K = (φ∗0 − φ∗1)(φ∗0 + φ∗1)−1, (7.44)
where the imaginary unit i in φ0, φ1 is replaced by the operation j, i.e., φ0 =
Reφ0 + j Imφ0, φ
∗
0 = Reφ0 − j Imφ0, etc. Note that j2 = −1 in d = 4k as i2 = −1.
It is convenient to introduce an H-invariant variable
z = φ∗1(φ
∗
0)
−1 = zT , (7.45)
which transforms under G as
z → (az + b∗)(bz + a∗)−1. (7.46)
Then, K can be expressed as
K =
1− z
1 + z
. (7.47)
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We now turn to d = 4k+2 and consider the maximal case G = SO(M ,M), H =
SO(M) × SO(M). In the Ω-diagonal basis the G transformation is written as(
F +G
F −G
)
→
(
a b
c d
)(
F +G
F −G
)
,
aTa− cT c = 1, dTd− bT b = 1, aT b− cTd = 0. (7.48)
The G-valued scalar field is parametrized as
V (x) =
(
φ1(x) ψ2(x)
ψ1(x) φ2(x)
)
,
φT1 φ1 − ψT1 ψ1 = 1, φT2 φ2 − ψT2 ψ2 = 1, φT1 ψ2 − ψT1 φ2 = 0. (7.49)
In this case the operation j satisfies j2 = 1, which suggests to introduce the projec-
tion operators
P± =
1
2
(1± j). (7.50)
A coefficient function K which has the right transformation property in eq. (7.29)
is
K = (φ1 − ψ1)(φ1 + ψ1)−1P+ + (φ2 − ψ2)(φ2 + ψ2)−1P−. (7.51)
We define an H-invariant variable
z = (ψ1(φ1)
−1)T = ψ2(φ2)
−1, (7.52)
which transforms under the G transformation as
z → (az + b)(cz + d)−1. (7.53)
In terms of this variable K can be written as
K =
1− zT
1 + zT
P+ +
1− z
1 + z
P−. (7.54)
As an example of non-compact duality symmetries in supergravities let us con-
sider the d = 4, N = 4 theory [21], [18]. Among the fields in the theory we are
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interested in six U(1) gauge fields Bijµ = −Bjiµ (i, j = 1, · · · , 4) and two real scalar
fields (see Table 3). The scalar fields are represented as the G/H non-linear sigma
model with G = SU(4) × SU(1,1), H = SU(4) × U(1). The SU(4) factors cancel
each other in the coset G/H. G = SU(4) × SU(1,1) acts on the gauge fields as duality
transformations. The SU(4) transformation is
(
(F + iG)ij
(F − iG)ij
)
→
(
U ikU jl 0
0 U∗ikU∗jl
)(
(F + iG)kl
(F − iG)kl
)
, (7.55)
where U †U = 1, detU = 1, while the SU(1,1) transformation is
(
(F + iG)ij
(F − iG)ij
)
→
(
aδi[kδl]j b∗ 1
2
ǫijkl
b1
2
ǫijkl a∗δi[kδl]j
)(
(F + iG)kl
(F − iG)kl
)
, (7.56)
where a, b ∈ C, |a|2 − |b|2 = 1. The SU(1,1)-valued scalar field is parametrized as
V (x) =
(
Φ0(x) Φ
∗
1(x)
Φ1(x) Φ
∗
0(x)
)
, (7.57)
where
Φijkl0 (x) = φ0(x)δ
i[kδl]j, Φijkl1 (x) = φ1(x)
1
2
ǫijkl.
φ0(x), φ1(x) ∈ C, |φ0|2 − |φ1|2 = 1. (7.58)
The imaginary unit i in φ0 and φ1 is replaced by the duality operation j. In terms
of an H-invariant variable
Z ij,kl(x) = (Φ∗1(x))
ij,pq(Φ∗0(x)
−1)pq,kl
= z(x)
1
2
ǫijkl, (7.59)
where z(x) = φ∗1(x)φ
∗
0(x)
−1 we construct
Kij,kl =
(
1− Z
1 + Z
)ij,kl
=
1 + z2
1− z2 δ
i[kδl]j − 2z
1− z2
1
2
ǫijkl. (7.60)
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Then, the Lagrangian can be written as
L = e ∂µz∂
µz∗
(1− |z|2)2 −
1
4
eF ijµνKij,klF
µνkl + · · · . (7.61)
8. Superp-branes
In this section we briefly discuss super p-branes, which are closely related to su-
pergravities. We shall consider a theory of p-dimensionally extended objects moving
in d-dimensional space-time. They are generalizations of strings and are called p-
branes: 0-branes are point particles, 1-branes are strings, 2-branes are membranes,
etc.
Let us first consider bosonic p-branes without supersymmetry. Dynamical vari-
ables are Xµ(ξ) (µ = 0, 1, · · · , d−1), which represent a map from (p+1)-dimensional
world-volume with coordinates ξi (i = 0, 1, · · · , p) to d-dimensional space-time.
When space-time is a flat Minkowski space-time, a natural action is the one pro-
portional to the volume of the (p+1)-dimensional world volume (Nambu-Goto type
action)
S[X] = −T
∫
dp+1ξ
√
| dethij |, hij = ∂iXµ∂jXνηµν , (8.1)
where T is the p-brane tension of dimension (length)−p−1. We will take T = 1 in
the following for simplicity. hij is a metric on the world-volume induced by the
space-time flat metric ηµν . This action is invariant under the space-time Poincare´
transformations and the world-volume reparametrizations. One can write down
another action (Polyakov type action) using an independent metric gij
S ′[X, g] = −
∫
dp+1ξ
[
1
2
√
|g|gij∂iXµ∂jXνηµν − 1
2
(p− 1)
√
|g|
]
, (8.2)
which are equivalent to the above action (8.1). The field equation of gij can be
solved algebraically: gij = hij. (For p = 1 the general solution is gij = e
φhij, where
φ is an arbitrary function of ξi.) Substituting this solution into eq. (8.2) we obtain
the action (8.1). Therefore, these two actions are equivalent, at least at the classical
level. We will use the Nambu-Goto type action (8.1) in the following.
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We now consider a supersymmetric generalization of p-branes. In the case of
strings (p = 1) there are two formulations: the Neveu-Schwarz-Ramond formulation
and the Green-Schwarz formulation. For general p-branes Neveu-Schwarz-Ramond
formulation is not known. A technical reason is that a supersymmetrization of the
cosmological term
√
|g| for p > 1 requires the Einstein term
√
|g|R and the theory
becomes more complicated. Moreover, even if one could construct an appropriate
action with world-volume local supersymmetry, it is not clear whether it leads to
space-time supersymmetry. On the other hand, the Green-Schwarz formulation of
p-branes was constructed in refs. [22], [23], which we will discuss in the following.
Dynamical variables of super p-branes in the Green-Schwarz formulation are
ZM(ξ) = (Xµ(ξ), θα(ξ)) (M = (µ, α), µ = 0, 1, · · · , d − 1; α = 1, · · · , n), which
represent a map from (p+1)-dimensional world-volume to d-dimensional (extended)
superspace. Here, n is a number of independent components of fermionic coordinates
of the superspace. The action of super p-branes in Minkowski space-time is
S = −
∫
dp+1ξ
[√
| det hij|+ 2
(p+ 1)!
ǫi1···ip+1ΠA1i1 · · ·ΠAp+1ip+1 BAp+1···A1
]
,
Πµi = ∂iX
µ − iθ¯γµ∂iθ, Παi = ∂iθα, hij = Πµi Πνj ηµν , (8.3)
where γµ are d-dimensional gamma matrices. BAp+1···A1(Z) (A = (µ, α)) is a (p +
1)-form on the superspace, whose non-vanishing components of the field strength
HAp+2···A1 are
Hαβµ1···µp = −iζ−1(C−1Tγµ1···µp)αβ, ζ = (−1)
1
4
p(p−1). (8.4)
The action (8.3) is invariant under the space-time super Poincare´ transformations
and (p + 1)-dimensional reparametrizations on the world-volume. The space-time
supertransformations are
δQX
µ = iǫ¯γµθ, δQθ = ǫ, (8.5)
where ǫα is a constant spinor parameter. In the case of superstrings it is also invari-
ant under local fermionic transformations called κ-transformations. This symmetry
reduces the fermionic degrees of freedom by half. We require such symmetry also
for p ≥ 2. The κ-transformations are
δκX
µ = iθ¯γµδκθ, δκθ = (1 + Γ)κ,
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Γ ≡ ζ
(p+ 1)!
√
|h|
ǫi1···ip+1Πµ1i1 · · ·Π
µp+1
ip+1
γµ1···µp+1, (8.6)
where κα(ξ) is a parameter of the transformations. The matrix Γ defined above sat-
isfies Γ2 = 1 and therefore 1
2
(1± Γ) are projection operators. The action (8.3) is in-
variant under the transformations (8.6) provided that the field strength of BAp+1···A1
is given by eq. (8.4). Thus, the presence of the second term (Wess-Zumino term) in
the action (8.3) is required by the κ-invariance.
The field strength HAp+2···A1 given in eq. (8.4) must be a closed (p + 2)-form.
This requires that gamma matrices should satisfy a certain kind of identity. When
θ is a Majorana spinor, the identity is
(C−1γµ1)(αβ(C
−1γµ1···µp)γδ) = 0. (8.7)
A similar identity must be satisfied when θ is a spinor of other type. (For details
see ref. [23].) These identities lead to a condition on d, p and n
d− p− 1 = 1
4
n (8.8)
for p ≥ 2 and
d− 2 = 1
4
n or d− 2 = 1
2
n (8.9)
for p = 1. The left and the right hand sides of eqs. (8.8) and (8.9) represent bosonic
(Xµ) and fermionic (θ) physical degrees of freedom up to gauge degrees of freedom
respectively. Eqs. (8.8) and (8.9) are satisfied only for 12 pairs (d, p) shown in Fig.
1. Possible types of supersymmetries are (N+, N−) = (1,1), (2,0), (1,0) for (d, p)
= (10, 1), (N+, N−) = (2,2), (4,0), (2,0) for (d, p) = (6, 1), N = 2, 1 for (d, p) =
(4,1), (3,1) and the minimal one for other (d, p). The numbers on the right of each
sequence in Fig. 1 represent physical degrees of freedom (8.8), (8.9). (A similar
analysis for general signature of space-time was given in ref. [24].)
The action (8.3) is the one for a flat Minkowski space-time. One can introduce
space-time background fields. The background fields are represented by superviel-
bein EM
A and super (p + 1)-form BAp+1···A1 , both of which are superfields. The
action is given by eq. (8.3) with ΠAi replaced by
ΠAi = ∂iZ
MEM
A. (8.10)
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Figure 1: The brane scan.
The κ-invariance of the action imposes constraints on these background fields. For
(d, p) = (11, 2), (10, 1), (10, 5) these constraints are shown to be equivalent to field
equations of d = 11, N = 1 and d = 10 (1,1) supergravities in superspace. For other
values of (d, p) an equivalence to field equations of supergravities is expected but
has not yet been analyzed in detail. For string theories (p = 1) there is one-to-one
correspondence between background fields and massless physical states. It is an
interesting open problem whether such relations are present for p ≥ 2.
The author would like to thank T. Eguchi and N. Sakai for suggesting him to
publish this work.
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Appendix A. The vielbein formalism
In the usual formulation of gravitational theories the metric tensor gµν(x) (µ, ν =
0, 1, · · · , d − 1) is used to describe gravity. Our signature convention of gµν is
(+,−, · · · ,−). The Einstein Lagrangian in this formulation is
L = − 1
16πG
√−gR, (A.1)
where G is the gravitational constant and g = det gµν . In the following we will put
4πG = 1 for simplicity. The scalar curvature R is defined from the Ricci tensor Rµν
and the Riemann tensor Rµν
ρ
σ as
R = gµνRµν , Rµν = Rρµ
ρ
ν ,
Rµν
ρ
σ = ∂µΓ
ρ
νσ − ∂νΓ ρµσ + Γ ρµλΓλνσ − Γ ρνλΓλµσ. (A.2)
The Christoffel symbol Γλµν is defined by using the metric as
Γλµν =
1
2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) . (A.3)
This form is determined by the metricity condition Dλgµν ≡ ∂λgµν − Γ ρλµgρν −
Γ ρλνgµρ = 0 and the torsionless condition Γ
λ
µν = Γ
λ
νµ.
To couple gravity to spinor fields it is more convenient to use the vielbein formula-
tion of gravity. In this formulation we introduce d vectors ea
µ(x) (a = 0, 1, · · · , d−1)
at each point of space-time, which are orthogonal to each other and have a unit
length
ea
µ(x)eb
ν(x)gµν(x) = ηab, (A.4)
where ηab = diag(+1,−1, · · · ,−1) is a flat Minkowski metric. We also introduce
inverse matrices eµ
a(x), which satisfy
eµ
a(x)ea
ν(x) = δνµ, ea
µ(x)eµ
b(x) = δba. (A.5)
The fields eµ
a(x) are called vielbein (vierbein or tetrad in four dimensions, fu¨nfbein
in five dimensions, etc.). From eqs. (A.4) and (A.5) we can express the metric in
terms of the vielbein
gµν(x) = eµ
a(x)eν
b(x)ηab. (A.6)
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Therefore, we can use the vielbein eµ
a(x) as dynamical variables representing grav-
itational degrees of freedom.
For a given metric gµν the vielbein eµ
a satisfying eq. (A.6) is not uniquely deter-
mined. If eµ
a satisfies eq. (A.6), then another vielbein
e′µ
a(x) = eµ
b(x)Λb
a(x)
(
Λa
c(x)Λb
d(x)ηcd = ηab
)
(A.7)
also satisfies eq. (A.6) with the same gµν . The metric tensor has
1
2
d(d+ 1) indepen-
dent components, while the vielbein has d2 components. The difference 1
2
d(d− 1) is
the number of independent components of Λa
b. The transformation (A.7) is called a
local Lorentz transformation. Since the theories are originally formulated by using
only gµν , they should be invariant under the local Lorentz transformations. Thus,
gravitational theories in the vielbein formulation have two local symmetries: the
general coordinate symmetry and the local Lorentz symmetry.
We have now two kinds of vector indices: µ, ν, · · · and a, b, · · ·. To distinguish
them the indices µ, ν, · · · are called ‘world indices’, while a, b, · · · are called ‘local
Lorentz indices’. These two kinds of indices are converted into each other by using
the vielbein and its inverse, e.g.,
Aa(x) = ea
µ(x)Aµ(x), Aµ(x) = eµ
a(x)Aa(x). (A.8)
Tensor fields with local Lorentz indices transform under the local Lorentz transfor-
mations as in eq. (A.7). They also transform under the general coordinate transfor-
mations as tensor fields determined by the world indices they have. For instance,
the general coordinate (G) and the local Lorentz (L) transformations of a tensor
field Tµa(x) are
δGTµa = −ξν∂νTµa − ∂µξνTνa,
δLTµa = −λabTµb, (A.9)
where ξ(x) and λab(x) = −λba(x) are infinitesimal transformation parameters. The
transformations of spinor fields are assumed to be
δGψ = −ξµ∂µψ,
δLψ = −1
4
λabγ
abψ. (A.10)
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Under the general coordinate transformations they transform as scalars.
To construct an action of spinor fields invariant under the local Lorentz transfor-
mations we need a gauge field. It is called a spin connection ωµ
a
b(x) (ωµ
ab = −ωµba).
The local Lorentz transformation of the spin connection should be
δLωµ
ab = Dµλ
ab ≡ ∂µλab + ωµacλcb + ωµbcλac (A.11)
so that the covariant derivative of a spinor field ψ
Dµψ =
(
∂µ +
1
4
ωµ
abγab
)
ψ (A.12)
transforms covariantly. The spinor Lagrangian invariant under the general coordi-
nate and the local Lorentz transformations is
L = ie ψ¯γµDµψ, (A.13)
where e = det eµ
a =
√−g and γµ = γaeaµ.
As for the Christoffel symbol, the spin connection is completely determined by
the vielbein if we impose the torsionless condition
Dµeν
a −Dνeµa = 0 (Dµeνa ≡ ∂µeνa + ωµabeνb). (A.14)
(The metricity condition corresponds to the antisymmetry property ωµ
ab = −ωµba.)
The solution of eq. (A.14) is ωµab = ωµab(e), where
ωµab(e) =
1
2
(ea
νΩµνb − ebνΩµνa − eaρebσeµcΩρσc) , Ωµνa = ∂µeνa − ∂νeµa. (A.15)
The spin connection (A.15) is related to the Christoffel symbol (A.3) as
∂µeν
a + ωµ
a
beµ
b − Γλµνeλa = 0. (A.16)
The field strength of the spin connection
Rµν
a
b = ∂µων
a
b − ∂νωµab + ωµacωνcb − ωνacωµcb. (A.17)
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is shown to be related to the Riemann tensor and the scalar curvature as
Rµν
ρ
σ = Rµν
a
bea
ρeσ
b, R = ea
µeb
νRµν
ab. (A.18)
Appendix B. Local supersymmetry invariance of d = 4,
N = 1 supergravity
The Lagrangian of d = 4, N = 1 supergravity consists of two terms
L = LE + LRS,
LE = −1
4
e ea
µeb
νRˆµν
ab =
1
16
ǫµνρσǫabcdeρ
ceσ
dRˆµν
ab,
LRS = −1
2
ieea
µeb
νec
ρψ¯µγ
abcDˆνψρ =
1
2
ǫµνρσψ¯µγνγ5Dˆρψσ, (B.1)
where ǫµνρσ is the totally antisymmetric tensor with ǫ0123 = +1 and γ5 = iγ
0γ1γ2γ3.
The Riemann tensor Rˆµν
ab and the covariant derivative Dˆµ depend on the vierbein
eµ
a only through the spin connection ωˆµ
ab. When the action is viewed as a functional
of eµ
a, ψµ and ωˆµ
ab, the spin connection (2.5) satisfies an equation
δ
δωˆµab
∫
d4xL(e, ψ, ωˆ) = 0. (B.2)
(To show this it is convenient to use the second form of LE and LRS in eq. (B.1).)
Therefore, when we compute a variation of the Lagrangian under supertransforma-
tions, the spin connection need not be varied.
To show the local supersymmetry invariance we need the following formulae
involving spinors. For four arbitrary spinors ψ, χ, λ and φ the Fierz identity
ψ¯χλ¯φ = −1
4
[
ψ¯φλ¯χ + ψ¯γaφλ¯γaχ− 1
2
ψ¯γabφλ¯γabχ− ψ¯γaγ5φλ¯γaγ5χ+ ψ¯γ5φλ¯γ5χ
]
(B.3)
is satisfied. Bilinears of two arbitrary Majorana spinors ψ and χ have symmetry
properties
ψ¯χ = χ¯ψ,
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ψ¯γaχ = −χ¯γaψ,
ψ¯γabχ = −χ¯γabψ,
ψ¯γaγ5χ = χ¯γ
aγ5ψ,
ψ¯γ5χ = χ¯γ5ψ. (B.4)
Let us now compute the variation of the Lagrangian (B.1) under the supertrans-
formation (2.10). Using the first form in eq. (B.1) the variation of the Einstein term
is
δQLE = −1
4
δQ(e ea
µeb
ν)Rˆµν
ab
= −1
2
ieǫ¯γµψa
(
eb
νRˆµν
ab − 1
2
eµ
aRˆ
)
. (B.5)
On the other hand, using the second form in eq. (B.1) the variation of the Rarita-
Schwinger term is
δQLRS = 1
2
ǫµνρσδQψ¯µγνγ5Dˆρψσ +
1
2
ǫµνρσψ¯µγνγ5DˆρδQψσ
+
1
2
ǫµνρσδQeν
a ψ¯µγaγ5Dˆρψσ. (B.6)
By partial integration the first term becomes
1
2
ǫµνρσDˆµǫ¯γνγ5Dˆρψσ = −1
2
ǫµνρσ ǫ¯γνγ5DˆµDˆρψσ − 1
2
ǫµνρσDˆµeν
a ǫ¯γaγ5Dˆρψσ
+ total derivative terms. (B.7)
By using eq. (2.6), the Fierz identity (B.3) and the symmetry properties (B.4) the
second term in eq. (B.7) is shown to cancel the third term in eq. (B.6). Then, eq.
(B.6) becomes
δQLRS = −1
4
ǫµνρσ ǫ¯γνγ5[Dˆµ, Dˆρ]ψσ +
1
4
ǫµνρσψ¯µγνγ5[Dˆρ, Dˆσ]ǫ
=
1
2
ieǫ¯γµψa
(
eb
νRˆµν
ab − 1
2
eµ
aRˆ
)
, (B.8)
up to total derivative terms. In the last equality we have used
[Dˆµ, Dˆν ]ǫ =
1
4
Rˆµν
abγabǫ (B.9)
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and the properties (B.4). Thus, the variations of LE and LRS cancel each other and
the total Lagrangian (2.2) is invariant under the local supertransformation (2.10)
up to total derivative terms.
Next let us show the commutator algebra of two local supertransformations in
eq. (2.11). We shall first consider the commutator applied on the vierbein
[δQ(ǫ1), δQ(ǫ2)]eµ
a = δQ(ǫ1) (−iǫ¯2γaψµ)− (1↔ 2)
= −iǫ¯2γaDˆµǫ1 + iǫ¯1γaDˆµǫ2
= −iDˆµ (ǫ¯2γaǫ1) , (B.10)
where we have used the second equation in eq. (B.4). Defining ξν = iǫ¯2γ
νǫ1 we
obtain
[δQ(ǫ1), δQ(ǫ2)]eµ
a = −Dˆµ (ξνeνa)
= −∂µξνeνa − ξνDˆνeµ − ξν
(
Dˆµeν
a − Dˆνeµa
)
= −∂µξνeνa − ξν∂νeµ − ξνωˆνabeµb − iξνψ¯νγaψµ, (B.11)
where we have used eq. (2.6). This shows the last commutation relation in eq.
(2.11) for eµ
a. Similarly, we can compute the commutation relation on the Rarita-
Schwinger field. We need the supertransformation of the spin connection ωˆµ
a
b, which
can be obtained by applying δQ on both sides of eq. (2.6) as
δQ(ǫ)ωˆµab =
1
2
i (ǫ¯γµψab − ǫ¯γaψbµ + ǫ¯γbψaµ) , (B.12)
where ψµν = Dˆµψν − Dˆνψµ. By using eqs. (B.12), (B.3) and (B.4) we obtain
[δQ(ǫ1), δQ(ǫ2)]ψµ = [δG(ξ) + δL(ξ · ωˆ) + δQ(ξ · ψ)]ψµ
+
1
16
ξν
(
γνRµ + 2γµνλRλ
)
+
1
32
i ǫ¯2γ
abǫ1 (2γabµνRν − γabRµ − 2eµaRb) , (B.13)
where Rν = γνρσψρσ. The field equation of the Rarita-Schwinger field is Rν = 0.
Therefore, the commutator algebra closes only on-shell.
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